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MAP Inference for General Pairwise Energies

Energy Minimization
Discrete pairwise energy minimization for graph G = (V, E):

min
x

∑
i∈V

θi (xi ) +
∑

(i,j)∈E

θij(xi , xj) xi ∈ {1, . . . ,K}.

For general G and θ this is an NP-hard problem.



Linear and Quadratic Programming Relaxations
Ravikumar and Lafferty, 2006; Wainwright and Jordan, 2008

LP for Marginal Polytope

min
µ∈MG

∑
i∈V

θT
i µi +

∑
(i,j)∈E

θT
ij µij

But: MG is exponentially large
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Quadratic Programming

min
µ∈LG

∑
i∈V

θT
i µi +

∑
(i,j)∈E

θT
ij µij

s.t. µij = vec(µiµ
T
j ) ∀(i , j) ∈ E

outer approximation inner approximation



Our Approach in a Nutshell

I Combine Linear and Quadratic
Programming relaxations.

I Kullback-Leibler penalty term
to discourage inconsistencies.

I Solved using an efficient
belief-propagation algorithm.



Combined Formulation

Joint Objective

min
µ∈LG

∑
i∈V

θT
i µi +

∑
(i,j)∈E

θT
ij µij︸ ︷︷ ︸

standard LP objective

+β
∑

(i,j)∈E

DKL(µij , vec(µiµ
T
j ))

︸ ︷︷ ︸
penalty term for inconsistencies

.

I Constraint set: local marginal polytope LG .

I Kullback-Leibler divergence as the penalty term:

DKL(µ,ν) =
∑
k

µk log

(
µk

νk

)
.

I Limit cases for β
I β = 0: LP relaxation
I β → ∞: QP relaxation.

I Non-convex formulation.



LPQP Algorithm Highlights

I Decompose objective into a difference of convex functions.

I The main computational task is the following convex problem

min
µ∈LG

∑
i∈V

θ̃T
i µi +

∑
(i,j)∈E

θT
ij µij︸ ︷︷ ︸

modified LP relaxation

−β
∑

(i,j)∈E

H(µij)︸ ︷︷ ︸
pairwise entropy

.

I Solved by norm-product algorithm (Hazan and Shashua, 2010).

I Can warm-start with solution from previous iteration.

I Annealing for β.



LPQP Run for Potts Model
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